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Abstract--The optimal operation of pumps in a large water supply system under time-of-use lectricity 
rates is formulated as a mixed integer programming (MIP) problem. The problem is solved using an 
iterative linear programming (LP) scheme. The scheme is applied to an actual world problem, the City 
of Inglewood Water Supply System. Computational results are presented and termination criteria for the 
solution scheme are discussed. 
1. INTRODUCTION 
This research work was conducted to fulfill the following two main objectives for the operation 
of a large water supply system with substantial electric power requirement for its pump stations: 
1. Lowering the peak-period power load demanded by the pump stations. 
2. Decreasing the operational costs of the water system. 
It was determined that these objectives can be fulfilled under the following conditions: 
1. The water supply system has water storage capacity, which is normally the case. 
2. The electric power charge rate has a time-of-use (TOU) structure. 
The TOU electricity charge rate is a rate structure which provides discounts for off-peak power 
use, and penalizes electric-power demands during peak period, therefore creating an economic 
incentive for consumers to shift their major power load from peak to off-peak period. 
Studies conducted at The Rand Corporation in 1977, on pricing and load management in six 
European countries, were aimed at evoking a reexamination of the widespread U.S. practice of 
passively meeting consumer loads and thereby lead to new considerations of the usefulness of 
peak-load pricing and load management [1]. A study of technical and economic assessment of 
specific load management s rategies in U.S. liquid pipeline systems revealed that nearly 80% of 
energy used for pumping is in the form of electricity, and load management is a viable alternative 
for the industry [2]. A study of cost assessment ofelectricity use by water agencies had shown that 
the electricity cost constitutes more than 50% of many water agencies budget [3]. The efficiency 
of TOU rates as a load management tool was analyzed for industrial users of electricity [4]. A 
peak-electricity load reduction of up to 10% resulted where the TOU rates have been in effect for 
one to two years [5]. 
A recent impact study of using TOU rates in a large-scale water system showed conclusive results 
[6]. A simulation run for the system indicated that during the low flow rate season (winter), a power 
cost reduction of about 85% was obtained, while during the high flow rate season (summer), the 
savings were nearly 50%. In another study, the operating policy of a water supply and distribution 
system (requiring a large amount of electricity for operation) was analyzed using an optimization 
technique [7]. A "mixed binary programming" model was applied to the City of Inglewood Water 
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System. This application i dicated that a 13% savings in the cost of electricity and alternative water 
resources could be obtained. 
For systems operating under TOU rates, the application of optimization techniques has been 
proposed by Dracup and Torabi [8]. They demonstrated that a significant amount of savings can 
be obtained if the pump operational policy of a water system is optimized via the use of linear 
programming (LP). The anticipated savings, estimated tobe as high as 20% of the annual electricity 
bill, could then be passed on to the consumers in lower water utility rates. Use of LP, when the 
fixed charge cost of pump operations i relatively small compared with the variable cost, leads to 
an optimal solution. However, in general cases the mathematical model becomes a mixed integer 
program (MIP) [9]. In the following section we formulate the problem as a (MIP) model, and 
present a solution scheme that consists of a sequential pplication of the LP solution technique. 
2. METHODOLOGY, MATHEMATICAL MODEL AND SOLUTION ALGORITHM 
A general and simplified water system is shown in Fig. 1. The system includes wells, a well-pump, 
a treatment plant, treated import water, a mixer (blender), a reservoir, booster pumps, a pipeline 
network and a demand zone. This schematic representation f the systems is used for writing a 
mathematical model for the system. Operation of every pump in the system (well-pump and 
booster-pumps; P 1, P2, P3 and P4) during a given time interval is of decision-making concern. 
2.1. Problem definition 
During each time interval, we assume that the total input of water to the system is equal to the 
summation of the total system's water output, plus the algebraic sum of all changes in the system's 
storage volume. Using notations described in Fig. 1: 
M+PI  =Z+AV (1) 
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Fig. 1. A simplified water supply system. 
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where 
M = inflow to the system from the import source, 
P 1 = inflow to the system from the wells, 
Z = outflow from the system to the demand zone 
and 
A V = change in the system's overall storage volume. 
This mass-balance equation holds at every system's juncture and for every time-interval. For 
example, at the blender: 
P2+ M1 = B1 + B2 (2) 
where 
and 
or at the reservoir: 
P2 = inflow to the blender from the treatment plant, 
M 1 = inflow to the blender from the import source, 
B 1 = outflow from the blender to the reservoir 
B2 = outflow from the blender to the demand zone, 
T2+B1 +M2 = P4+AS (3) 
where 
and 
T2 = inflow to the reservoir from the treatment plant, 
M2 = inflow to the reservoir from the import source, 
P4 = outflow from the reservoir to the demand zones 
AS = change in the reservoir storage volume. 
The cost components of the system under P 1, P2, P3 and P4 decision variables are: 
where 
and 
P~gfl, for all i = 1, 2 . . . . .  4 
Pi = discharge of water from ith pump, 
~ti = a constant (average) conversion factor for the ith pump water output (electric 
energy/water) 
(4) 
/~ = a constant cost coefficient for energy consumption (S/electric energy). 
The TOU rate has two different values for fl, associated with peak and off-peak periods. In 
general, an electricity tariff is organized based on both energy consumption and power demand. 
In the model, the demand charge can be taken into account via a second term in the cost function 
as follows: 
where 
P~fl+D~K, for all i= l  . . . . .  4 (5) 
D~ = electric peak power demand input for the ith pump 
and 
K = cost coefficient for power demand. 
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It should be clear from the nature of the pump operation that the term Di K can take on non-zero 
value only when P~ > 0. There exists a special structure lectricty tariff which has a fixed monthly 
charge for the power demand, not based on meter reading, but on a pre-specified kilovolt-ampere 
(kVA) of transformer capacity. The transformer capacity provides needed power for the pumps. 
In any case, the electricity cost formula can be expressed as follows: 
Pi~ifl + DiKYi (6) 
where 
Pi - Oi Yi <~ 0, (7) 
Yi = zero or one. (8) 
In this mathematical expression 6~ denotes the upper bound on the ith pump water discharge 
and Y~ is a zero or one integer variable, depending on the off or on status of the pumps, respectively. 
The two classes of problems, the linear cost functions of condition (4) and the integer cost 
function of expression (6), with their corresponding constraints ets, can be solved by using 
appropriate solution techniques. While the first model (linear cost with linear constraints) can be 
optimally solved by using any efficient software code of LP solution algorithm, the second model 
(integer cost function with integer constraints) cannot be solved efficiently and rapidly by use of 
existing techniques when the number of variables becomes large. A sequential application of LP 
solution technique is proposed to solve the second problem, the MIP model. 
2.2. MIP model and solution procedures 
Consider the problem of pump operation for the system shown in Fig. 1. The mathematical 
formulation of this problem can be written as follows: 
4 
Minimize ~ (Pi~ifl + DiKY~) + o~M + pe~ (9) 
i=l 
subject o 
Pi - 6i Yi <~ 0.0, for all 
P1 = P2 + P3, 
P2+M~ = B1 + B2, 
P3= T2q-- T3, 
i= l  . . . .  ,4, 
T2 + B~ + M2= Pa + AS, 
M = MI + M2 W M3, 
Z=P,+T3+B2+M3, 
M <<,m, 
Z >~z, 
Y~ = 0 or 1, for all i = 1 . . . . .  4 
where 
and 
09 = cost coefficient for import water 
p = cost coefficient for acquiring water rights for ground water, 
m = upper bound on the contract level of import water 
z = forecast water demand. 
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This formulation is only for one time-interval. To write the model for n time-intervals within 
a 24-hour operational cycle, a j index is added to all decision variables and TOU cost coefficients 
as follows: 
subject o: 
Minimize j~l {i~=l (PUot~flj + DtjKjY, j) + ogMj + pP~j} (10) 
eft - ~i Y/j ~ 0.0, for all i = 1 . . . . .  4 and j = 1 . . . . .  n, 
Pij = P2j + P3j, for all j = 1 . . . . .  n, 
P2j + Mlj = Blj + B2j, for all j = 1 . . . . .  n, 
P3j=T2j+T3j, foral l  j= l  . . . . .  n, 
T2j + B~j + M2j + Sj = P4j + Sjl, foral l  j = l . . . . .  n, 
Zj = P4j + T3j + B2j + M3j, foral l  j = l . . . .  , n, 
Yg=0 or 1, for all i= l  . . . . .  4 and j= l  . . . . .  n. 
2.3. Algorithm 
A sequential application of the LP solution procedure is developed to solve this class of MIP 
problems. This is a useful approach to solve the operational problem of pump stations, when the 
fixed cost factor for power demand charge is in effect. In Fig. 2 a typical cost function with an 
initial fixed charge DiK and a linear variable change coefficient of t0 is shown. This cost function 
corresponds to the MIP model of problem (9). By omitting the fixed charge terms, the MIP model 
becomes an LP model with linear cost coefficient of fl0. Solving this LP0 problem results in an 
optimal solution P0, which is also a feasible solution to the MIP problem. By dividing the fixed 
charge DiK by the optimal solution P0 and adding the result to the initial variable cost fl0, a new 
variable cost coefficient fl~ is obtained. The LP problem is then solved with the new variable cost 
coefficient. The second round of applying the LP solution code leads to an optimal solution P~, 
which is again used to generate a new linearized cost function with variable cost coefficient as f12. 
The sequence of solving LP with newly generated flk is continued until termination criteria are 
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Fig. 2. A typical step function with initial fixed charge D~K and linear cost functions coefficient fl0. 
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satisfied. In Fig. 3, the a lgor i thm is shown in a flow chart. The subrout ine to update the l inear 
cost coefficient, generates a sequence of / /k  as shown in Fig. 2. 
2.4. Termination criteria 
For  a small size MIP  problem, the sequential appl icat ion of  LP converges to an opt imal  solut ion 
in a small number o f  iterations. For  large problems (with greater than 30 integer variables), 
terminat ion occurs when improvement in the value of  the objective function in two consecutive 
iterations reaches a pre-specified amount.  In Fig. 4 three examples of  M IP  problems are shown. 
The first two are simplified MIP  problems that converged after a few iterations of  LP appl ication. 
But the third MIP  problem with 168 integer variables terminated after 14 iterations when 
improvement in the value of  the objective function reached within 1% of  its value in the previous 
iteration. 
Results of  case studies conducted by the Southern Cal i fornia Edison have shown that the 
algor i thm performed far better in the case of  actual world problems, than it did in the case of  
problems made for academic and analytical purposes [10]. Case study results are presented in the 
Appendix.  
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APPENDIX  
Case Study: The City of lnglewood Water Supply System 
This algorithm was applied to the City of Ingiewood (California) Water Supply System. Computational results, along 
with analysis of the results and several sensitivity tests, are presented here. The sensitivity analysis tests are meant to examine 
the sensitivity of the system's power demand and the system's daily operational costs to changes in the system's 
characteristics and configurations. 
Physical system 
The water system of the City of Inglewood serves an area of nearly 5,000 acres. The city is located in the South-West 
region of Los Angeles County. It has a population of over 90,000, of which about 70,000 are using water from the city's 
water supply system. The water use is predominantly residential. The total water consumption i  1985 was about 13,400 acre 
ft resulting in an average daily consumption of 171 gall per capita. Major sources of water supply are: (I) ground water 
that is extracted from three wells (located in the southern part of the city) and (2) treated water purchased from the 
Metropolitan Water District (MWD). In Fig. A.1 a schematic representation f the City of Inglewood Water System is 
presented. 
Seven pump-clusters consisting of a total of 27 pumps are used to pump water from the wells to the treatment plant, 
from the treatment plant to the reservoirs, and from the reservoirs to the service area (demand zones). These pumps are 
the major electric energy consuming components of the system. The seven pump-clusters, with all pertinent information 
available on each pump within every pump-cluster, are presented in Table A.1. Also in Table A.1, information on the 
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Fig. A.I. The City of Inglewood Water System, a schematic representation. 
existing electricity rates that are being applied to pumping stations, is given (Table A. 1). The "fixed power demand charge" 
in the table is on a daily basis and was derived from the monthly demand charge. The power input requirement and water 
output capacity for each pump-cluster were obtained by summing up the power inputs and water outputs of all pumps 
within each cluster, respectively. 
The treatment plant with no storage capability is operated concurrently with the wells. This means the discharge from 
the three well-pumps in pump-cluster No. 1 at the well site is always equal to the discharge from 10 booster pumps in 
pump-cluster No. 2 and No. 3 at the treatment plant site. 
Table A.I. Current electricity rates and pumps operational behavior 
Electricity costs rate (summer)t 
No. No. Fixed Power Water Average 
Pump of of Pump charge:~ Peak Off input output head 
cluster pumps meters speed Tariff (cont) c/kWh c/kWh (kW) (ccf/h) (It) kWh/cef 
1 3 2 Const. ALAMP-1 11.67 kW 12.015 5.522 808 522 450 1.25485 
TOU-PA-I 28 + 5kVA 9.447 5.451 
2 5 1 Const. ALAMP-I 11.67 kW 12.015 5.522 
TOU-PA-I 14+ 5kVA 9.447 5.451 949 892 310 1.0631 
3 5 1 Const. ALAMP-I 11.67 kW 12.015 5.522 
TOU-PA-1 14+ 5 kVA 9.447 5.451 803 790 300 1.0164 
4 5 1 Const. PA-2 12.5 kW 6.759 6.759 155 481 65 0.3211 
5 5 I Const. PA-2 12.5 kW 6.759 6.759 384 627 140 0.6136 
6 2 1 Var. PA-2 12.5 kW 6.759 6.759 144 754 67 0.1910 
7 2 I Var. PA-2 12.5 kW 6.759 6.759 147 342 107 0.4298 
t$0.026/kWh steel surcharge adjustment is included. 
~/kVA of the transformer capacity (equal to total installed) and kW of demanded load by pumps during peak period are taken into account. 
Table A.2. Operational behaviour of the City of lnglewood Water System on a maximum summer day (9/3/1985) 
Power demand uring Savings in 
peak period operations cost 
Water use (million gall) Daily 
System's characteristics Energy Absolute Levelizod Load operation Year 
and operational Ground Imported Reservoir use maximum maximum drop costs Daily totalt 
conditions (program) water water storage (kWh) (kVO (kVO (%) ($) (%) ($) 
Status quo, all pumps 
Under TOU-PA- 1 
(INGLE i) 5.214 13.730 1.683 18,505 1376 1381 - -  il,927 - -  - -  
All pumps under PA-2 
(INGLE 42) 5.214 13.730 !.683 18,634 1378 1372 0.7 11,850 0.6 17,413 
Wells and treatment plant 
pumps under TOU-ALAMP-I 
(INGLE 41) 5.214 13.730 1.683 18,379 106 144 89.6 11,513 3.5 101,578 
Same us INGLE I, but 
import water has no 
upper or lower bound 
(INBLE II) 5.214 13.730 1.683 18,307 1339 1339 3.0 !1,844 0.7 20,316 
Same INGLE I, but 
emergency storage 
decreased by 50% 
(INGLE 213) 5.214 12.982 2.431 18,697 1343 1149 16.8 11,425 4.3 124,796 
Same as INGLE I, but 
ground water right 
has no limitation 
(INGLE 12) 9.372 9571 1.683 32,565 1339 1339 3.0 11,174~ 6.3 182,841 
tYear total was computed by using an average daily saving of 2/3 of the maximum summer day for 365 days. 
~This scenario caused the wells pumps capacity to emerge as bottleneck. Removal of this bottleneck will result in 25.4% savings in the daily operation costs. 
q~ 
m 
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Due to the excess of discharge capacity of discharge capacity of clusters No. 2 and No. 3 over cluster No. 1, there exists 
a potential for expanding the well-pumps discharge capacity. From Table A. I, it can be seen that the capacity of 
pump-cluster No. l may be expanded (by adding new pump units) from the present 522 CCF/H (100 ft3/h) to a maximum 
of 1682 CCF/H to match the existing capacity of the pumps at the treatment plant site. 
Sensitivity analysis and conclusions 
The sensitivity of the system's operational cost, its power demand, and its energy consumption can be tested against wo 
types of possible changes in the system's characteristics. They are structural and non-structural changes. The structural 
changes require capital investment and time for implementation. Analysis of the trade-off between these changes and the 
system's daily operational cost requires extensive cost estimation and engineering economy studies. In this research work, 
only non-structural changes in the system were tested, such as switching electricity tariffs, lowering level of import water 
(purchased from MWD), increasing round water right, or even increasing the reservoir storing capacity by lowering 
minimum emergency storage requirement. Six scenarios were developed and tested on the basis of these changes. Results 
are presented in Table A.2. A grouping of the system's characteristics was made as follows: 
1. Different electricity billing rates; 
2. Different contract levels for water right; 
3. Various ranges of important water inputs 
and 
4. Various levels of minimum reservoir storage requirements. 
Under the existing system characteristics (maintaining the status quo) and enforcing optimal operations policy for a 24 h 
operational period on 3 August 1986 (Scenario INGLE1 in Table A.2), the total operational costs are $11,927. A change 
in the status of import water contract (removal of the 10% allowable fluctuations for upper and lower bounds) decreases 
the daily costs by only $66, Scenario INGLEl l .  Substantial improvement in the daily operational costs occurs when 
limitation on the water right is waived. This forces the cost to decrease by an amount of nearly $800 per day, scenario 
INGLE12. 
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Fig. A.2. Levelized operational pattern of pumps for power input under TOU-ALAMP-1. 
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The lowest cost of operations occurs with abundance of ground water, larger eservoir storage capability (lower minimum 
storage requirement) and all pumps operated under PA-2 electricity rate. The amount of savings in this case exceeds 25% 
of the daily operational costs. A major bottleneck in achieving larger savings is the discharge capacity of the pump-cluster 
at the well site. Since the treatment plant has a no storage capability, the pump-cluster at the wells and at the treatment 
plant must be operated concurrently and at equal discharge rates. However, the two pump-clusters atthe treatment plant 
have a total discharge rate of 1682 CCF/H, which is more than three times the discharge capacity of the wells' pump-cluster 
(wells' pump-cluster has a capacity of only 522 CCF/H). By making the wells' pump-cluster compatible to the treatment 
plants' pump-clusters, a remarkable drop of 25% in the operational cost of the system is achieved. 
The results presented in Table A.2 have two-fold significance. First, they show that there can be a substantial decrease 
in the operation cost of the water supply system with an order of magnitude of $100,000 per year. This is certainly of great 
value to water agencies. Secondly, the electric power load shows a high degree of sensitivity to non-structural changes. When 
a favorable billing rate is applied (TOU-ALAMP-I), a drop of over 89% is observed in the power demand uring peak 
period (Scenario INGLE41). Also, a 50% decrease in the emergency storage requirement results in about 17% drop in 
power load. It should be noted that while the power load during peak periods can be reduced substantially, it is not always 
possible to obtain substantial savings in energy consumption. 
In Table A.2, the maximum power demand is given in two different categories. One category isjust the absolute maximum 
without any attempt o levelize the pumps operation during the peak period. The second category is the levelized value 
of maximum power demand. An example of the levelization for power demand on pump-clusters No. I, No. 3 and No. 
6 for Scenario INGLE41 is given Fig. A2. The levelization only applies to the constant speed motor pumps. The variable 
speed motor pumps have the flexibility to respond to a rapid need for speed (power demand) change. 
